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ABSTRACT 
A theoretical model for the maximum scour depth under submerged bridge 
flow was proposed based on the mass and energy conservation laws as well as the 
recent flume experimental data. It is shown that the ma-ximum scour depth can be 
described by a scour number and an inundation index. In general, for submerged 
flow the scour number increases with the inundation index, which is equivalent to 
the maximum scour depth increases with deck inundation level, decreases with in-
creasing sediment size, and is independent of bridge girders. The proposed method 
is expected to be applicable to prototype flows without scaling effects since it was 
derived from the conservation laws. An application procedure was also suggested 
for bridge foundation design or field scour evaluation. 
INTRODUCTION 
In Guo et al. (2010) , a series of flume data have been collected at the 
FHWA J. Sterling Jones Hydraulics Laboratory. The experimental conditions and 
the results are summarized in Tables 1 and 2, respectively, where Vue = approach 
velocity at upstream of bridge, Q = experimental discharge, Rh = hydraulic 
radius, Re = Reynolds number, Fr = Froude number, dso = median sediment size, 
Cg = coefficient of gradation, Cu = coefficient of uniformity, hb = bridge opening 
height based on the original bed, Ys = maximum scour depth, a = block depth of 
bridge deck, I = inundation index, and (hb + Ys) / (hb + a) = scour number. The 
experimental study showed that the horizontal scour range of a submerged flow 
depends on the width of bridge deck, and the design of a scour profile needs the 
maximum scour depth y" which cannot be reasonably estimated by the existing 
methods since the Arneson and Abt (1998) method predicted an adverse tendency 
with the test data, the Umbrell et al. (1998) method in general overestimated the 
present data, and the Lyn (2008) method underestimates most of the present data. 
The purpose of this paper is to propose a theoretically based method for 
predicting the maximum scour depth under bridge-submerged flows. Specifically, 
a hypothesis based on the mass and energy conservation laws is first formulated, 
which is then tested with the collected data in Table 2; if the hypothesis is con-
firmed by the collected data, an application procedure is then presented for prac-
tical design. 
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Table 1: Test conditions of approach flow, bridge deck and sediment 
Approach flow 
Vue = 0.41 m l s 
Q = 64.6 lis 
Rh = 13.9cm 
Re = 5.7 X 104 
Fr = 0.17 
Q = 83.5 lis 
Rh = 13.9cm 
Vue = 0.53 ml s 
Re = 7.37 X 104 
Fr = 0.22 
3-girder deck 
d50 = 1.14mm 
C9 = 1.45, Cu = 1.77 
hb = (21.0,19 .5, 
18.0, 16.5, 15.0, 
135,12.0, 10.5) cm 
6-girder deck 
d50 = 1.14mm 
C9 = 1.4.5, Cu = 1.77 
hb = (22 .0, 20 .5, 
19.0, 17.5, 16.0, 
14.5 , 13.0, 11.5) cm 
d50 = 2.18 mm 
C9 = 1.35, Cu = 1.59 
hb = (22.0 , 20.5 , 19.0, 
17.5, 16.0, 14.5 , 
13.0, 11 .5) cm 
Note: hu = 0.25m, Fr = Vvc/Jghu, Re = RhVuel l/ where Rh = 
hydraulic radius, and, v = kinematic viscosity of water. 
HYPOTHESIS ON MAXIMUM SCOUR DEPTH 
Bridge flows are divided into three cases (Picek et al. 2007): (1) the up-
stream low chord of a bridge is partially submerged while the downstream low 
chord is unsubmerged, which is not discussed here; (2) both upstream and down-
stream low chords are partially submerged; and (3) a bridge is totally submerged. 
The last two cases are analyzed in this paper. 
The problem is stated with Figure 1 where a bridge is over a steady river 
flow with clear water, the bridge deck is modeled with a rectangular box, Vue = 
critical velocity of approach flow at upstream of the bridge, Vue = effective velocity 
corresponding to the flow through the bridge, hu = depth of the flow at the 
upstream of the bridge before scour, hb = bridge opening height before scour, a = 
effective thickness of deck blockage where the corresponding stagnation streamline 
divides the flow into two parts, b = physical thickness of the deck blockage, Vbs = 
Overflow 
CD ®~- - b 
- h
u
- ' : v-
ue
- -at Stagnation streamline 
-1- I V. hd 
I h. ~ 
I I 
~ __ ~ __ ~_~ __________ l __ 
Velocity CD 11. : 
distribution 
Figure 1: Sketch of definitions 
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Table 2: Summary of test results of ma,'limum scour depths 
Bridge Measure. Block Run Inundate. Scour Calcul. Error 
opening scour depth t ime index number scam' (7)-(2) 
depth depth 
hb' (em) Yo> (em) a, (em) (hrs) I hb + Ys y., (em) (em) hb + a 
(1) (2) (3) (4) (5) (6) (7) (8) 
3-girder deck with d50 = 1.14mm, Cg = 1.45, Cu = 1.77 
21.0 2.77 4.00 36 1.53 0.95 2.76 -0.01 
19.5 3.98 5.06 36 1.81 0.96 4.56 0.58 
18.0 5.18 5.06 48 2.10 1.01 5.29 0.11 
16.5 5.45 5.06 36 2.40 1.02 5.88 0.43 
15.0 6.35 5.06 36 2.90 1.06 6.35 0.00 
15.0 6.42 5.06 48 2.70 1.07 6.35 -0.07 
13.5 6.41 5.06 48 3.01 1.07 6.74 0.33 
12.0 6.43 5.06 48 3.33 1.08 7.03 0.60 
10.5 7.31 5.06 48 3.69 1.14 7.26 -0.05 
22.0 1.75 3.00 42 1.32 0.95 1.24 -0.51 
6-girder deck with d50 = 1.14mm, C q = 1.45 , Cu = 1.77 
20.5 2.99 4.02 42 1.64 0.96 3.09 0.10 
20.5 2.98 4.02 42 1.64 0.96 3.09 0.11 
19.0 4.23 4.02 42 1.95 1.01 3.89 -0 .34 
19.0 4.52 4.02 42 1.95 1.02 3.89 -0.63 
17.5 4.47 4.02 42 2.26 1.02 4.54 0.Q7 
16.0 5.55 4.02 42 2.56 1.08 5.07 -0.48 
14.5 5.71 4.02 43 2.88 1.09 5.49 -0.22 
13.0 5.93 4.02 48 3.21 1.11 5.82 -0.11 
11 .5 6.34 4.02 48 3.56 1.15 6.07 -0.27 
6-girder deck with d50 = 2.18 mm, Cg = 1.35, Cu = 1.59 
20.5 1.75 4.02 42 1.27 0.91 2.16 0.41 
19.0 2.83 4.02 42 1.51 0.95 2.84 0.00 
17.5 3.29 4.02 42 1.74 0.97 3.44 0.15 
16.0 4.14 4.02 42 1.98 1.01 3.97 -0.17 
14.5 4.30 4.02 42 2.23 1.02 4.42 0.12 
13.0 4.62 4.02 42 2.48 1.04 4.79 0.18 
11.5 5.31 4.02 48 2.76 1.08 5.10 -0.21 
7.0a 6.50 4.02 48 3.78 1.23 5.64 -0.86 
2.5a 11.64 4.02 48 5.49 2.17 5.64 -6.00 
aExc1uded in Figures 6c, 8 and 11 since the effect of the boundary layers 
cannot be neglected. 
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average velocity at equilibrium maximum scour cross-section that is close to the 
outlet of the bridge flow according to the present experiments, and hd = depth of 
the tailwater before scour. Find the equilibrium submerged-flow scour depth, Ys> 
by considering a unit river flow. 
To solve the problem, one can select a control volume consisting of cross-
sections 1-1 and 2-2 , the upstream stagnation streamline, the left and low faces of 
the bridge deck, and the scoured river bed. Applying the energy conservation law 
to the control volume and neglecting the friction loss (due to the short distance) , 
one can write 
(1) 
where hu = hydraulic head at cross-section 1-1 based on the original bed, hd = 
hydraulic head at cross-section 2-2 , (}j and (}2 are the energy correction factors, 
9 = gravitational acceleration, and Kb = the bridge energy loss coefficient that is 
related to the difference of the upstream and downstream flow depths, hu - hd , 
the effective velocity, Vue: and the gravitational acceleration, g. By dimensional 
analysis, one can assume 
(2) 
where Ao and m are two empirical parameters. Eq. (2) makes sure Kb = 0 when 
hu = hd· On the other hand, applying the mass conservation law to the control 
volume gives 
(hb + a) Vue = (hb + Ys) Vb., 
Solving for hb + Ys from Eqs. (1)-(3) gives 
(3) 
(4) 
where the left-hand side is called a scour number. Unfortunately, the downstream 
flow depth hd is usually unknown. For an approximation, it is hypothesized 
(5) 
where (3 is a fitting parameter. The factor of (hu - hb) in Eq. (5) expresses 
an inundation level that, take a partially submerged flow for example, increases 
hu - hd (since the energy loss increases with inundation) and makes hu - hd = 0 
at hu = hb. The fraction (hb + a)jhu is introduced because hu - hd should be 
independent of the upstream flow depth hu for significant inundation while it 
should be 1 for partially submerged flows. 
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Referring to F igure 1 where the horizontal dashed line divides the approach 
flow into an overflow above the bridge and a pressure flow under the bridge, the 
unit flowrate, q] , under the bridge in both cases can be estimated by 
(6) 
where for approximately uniform flows of the present experiments n = 0 and 
for fully developed turbulent flows n = 1/7, and a = effective thickness of deck 
blockage. Theoretically, the value of a can be determined by a Bernoulli 's equation 
in the dividing streamline if the fluid is ideal, 
V 2 
a = b --...!!:.... 
2g (7) 
where b = physical thickness of deck blockage, and Va = approach velocity in 
the dividing streamline. Practically, Eq. (7) gives a small value of a because of 
the neglect of fluid viscosity. Nevertheless, for a thin deck with overhang shown 
in Figure 5 of Guo et al. (2010), the overhang forces the dividing streamline 
approximately at the elevation of the deck surface. Therefore, this study assumes 
a=b (8) 
for totally submerged flow. Obviously, for partially submerged flow one has 
(9) 
For convenience, Eqs. (8) and (9) can be combined by 
a = min (hu - hb, b) (10) 
Considering Eq. (6), one has the effective velocity Vue for cross-section 1-1 
v. - _ql _ _ V. (hb +, a)n 
ue - hb + a - ue hu 
Substituting Eqs. (5) and (ll) into the brackets of Eq. (4) gives 
Defining an inundation index 
1 = --,--V--,--g -,--(h,-:-u_-_h.-'-b) (~) n-]/ 2 
Vue hb+a 
and substituting Eq. (12) into Eq. (4) gives 
1 + )'lrm 
1 + >"212 
(ll) 
(12) 
(13) 
(14) 
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3 girder deck. d
50
=1.14mm 
6 girder deck, d50=1.14mm 
c' 6 girder deck, d
so
=2.18mm 
- - - Theoretical model. Eq.(14) 
Asymptote 
- 0.89 
Orifice flow Submerged flow 
0.6 -I-__ ~~_r-r-r-,--,.:.,0',77 __ ---._--.--.----,-...,....,...,., 
10 10 ' 
Figure 2: Test of hypothesis on maximum scour depth 
which is the hypothesis of the maximum scour depth, where the energy correction 
factors 001 and 002 have been taken to be 1, the deviation due to this assumption 
can be combined to the model parameters Al(= Ao /3m ) , A2(= Ao(32) and m, which 
are determined in next section. 
TEST OF HYPOTHESIS 
Columns 5 and 6 in Table 2 tabulate the values of the inundation index 
I and the scour number (hb + Ys) / (hb + a), respectively, for the experimental 
data. To test Eq. (14), columns 5 and 6 are plotted in Figure 2 where the data 
from different sediment sizes, different girder numbers and different inundation 
levels almost collapse into a single curve. This means the two similarity numbers 
reasonably describe the submerged flow scour. Furthermore, a least-squares fitting 
process with MatLab gives the model parameters 
Al = 1.71 , A2 = 2.33, and m = 2.45 (15) 
which fit Eq. (14) to the present experimental data with a correlation coeffi-
cient R2 = 0.976 and a standard deviation 0'2 = 0.015. This means with a 9.5% 
confidence interval, the estimated scour depth from Eq. (14) has an error of 
±3%(hb + a). 
Note that Figure 2 has a minimum value at I = 0.77 and (hb + Ys) / (hb + a) 
= 0.89, which is the criterion between unsubmerged and submerged flows. At this 
minimum, the scour depth is Ys = 0 and the flow is partially submerged where 
a = hu - hb , which leads to 
hb/hu = 089 or h,,jhb = 1.1 (16) 
This implies that submerged flow scour occurs under the conditions 
1= .J 9 (hu - hb) > 0.77 and hu/hb 2 1.1 
Vue - (17) 
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The latter condition is similar to that of submerged culvert flow where hu/ hb ::::: 
1.2 (Gupta 2008, p779). The dashed line in Figme 2 is just an extension of 
Eq. (14), which does not have any practical meaning since it corresponds to an 
orifice flow where the downstream edge of a bridge is unsubmerged. Nevertheless, 
it helps examine the functional structm e of Eq. (14). Mathematically, when hu 
approaches to hb ' or the inundation index I approaches to zero, the scom number 
has an asymptote (hb + Ys) / (hb + a) -> 1, which is true since a = hu - hb -> 0 
and Ys = O. This asymptote shows that the structme of Eq. (14) is physically 
reasonable. In brief, for submerged flow the scom number increases with the 
inundation index. 
The effect of sediment size is through the upstream critical velocity Vue. 
When sediment size increases, the upstream critical velocity Vue increases, which 
decreases the inundation index I and then reduces the scom number (hb+Ys)/(hb+ 
a). In other words, scour depth decreases with increasing sediment size. 
The present analysis has approximated the approach velocity distribution 
to be uniform, which implies the effects of the bottom and side wall boundary 
layers can be neglected when estimating the floWl'ate through a bridge. Further-
more, the deck elevation must be much higher than the bottom boundary layer. 
Otherwise, the estimated flowrate through a bridge is much larger than the real 
flowrate, which results in a large effective velocity Vue in Eq. (4) or a small inun-
dation index in Eq. (13) and, as a result, a very small scour number or depth. 
This explains why the last two tests in Table 2 are excluded in analyses and why 
the predictions of the proposed method are much smaller than the measurements 
where the inundation ratio hu/hb = 3.57 and 10, respectively. In practice there are 
seldom submerged flows with an inundation ratio hu/hb > 2. For prototype flows 
with fully developed turbulent boundary layers, it is suggested to use n = 1/7 in 
Eq. (6) for estimating the flowrate through a bridge and Eq. (13) for inundation 
index. 
In briefly, the proposed theoretical model, Eq. (14), has been confirmed 
with the present experimental data under threshold conditions, and the model 
parameters are defined by Eq. (15). 
APPLICATION PROCEDURE 
Unlike a pure empirical method that is restricted to the range of calibrated 
data, the proposed method is expected to be applicable to similar prototype bridge 
flow without scaling effects because it is mainly derived from the mass and energy 
conservation laws. These laws are true within considered framework whatever 
are inputs, outputs or system modifications. To apply the proposed method, the 
following procedures are suggested. 
Step 1: From the approach flow depth, hu , and bed materials size, d50 , 
calculate the critical velocity, Vue, from Eq. (2) in Guo et at. (2010). 
Step 2: Check if the scour is clear water scour. If the upstream velocity, 
Vu , is less than or equal to the critical velocity, Vue, the proposed method is used. 
Step 3: Calculate the effective thickness of deck blockage, a, hom Eq. (10). 
Step 4: Calculate the inundation index, I , hom Eq. (13) where n = 1/7 is 
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used for fully developed turbulent boundary layers. 
Step 5: Check if the flow is submerged flow according to Eq. (17). 
Step 6: If yes, calculate the scour number from Eq. (14), and solve for 
scour depth, Ys· 
Step 7: Plot the design scour profile according to Eqs. (6) and (8) in Guo 
et al. (2010). 
Column 7 in Table 2 was obtained using the above procedures, and col-
umn 8 shows the absolute errors of predictions. It is seen that except for the 
last two tests, all errors are less than or equal to 6.3 mm that is usually within 
the uncertainties of flume measurements. The large errors of the last two tests 
originate from the amplified upstream effective velocities in the calculations, by 
neglecting the effect of boundary layers. The real effective velocities were signifi-
cantly smaller since the deck elevations were close to the bottom boundary layers. 
Without the last two tests, the correlation coefficient between the predictions and 
the measurements is R2 = 0.929. 
CONCLUSIONS 
The theoretical model, Eq. (14), for the ma;ximum scour depth has been 
confirmed by the experimental data in Guo et al. (2010), which shows that the 
maximum scour depth can be described by the scour number and the inundation 
index. In general, for submerged flow the scour number increases with inunda-
tion index, which is equivalent to the ma;ximum scour depth increases with deck 
inundation level, decreases with increasing sediment size, and is independent of 
bridge girders. The proposed method is expected to be applicable to prototype 
flows without scaling effects, and an application procedure has been suggested for 
bridge foundation design or field scour evaluation. 
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